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In this paper we investigate conditions under which approximation to con-
tinuous functions on {—1, 1] by series of Chebyshev polynomials is superior
to approximation by other ultraspherical orthogonal expansions. In particular
we derive conditions on the Chebyshev coefficients which guarantee that the
Chebyshev expansion of the corresponding functions converges more rapidly
than expansions in Legendre polynomials or Chebyshev polynomials of the
second kind.

1. INTRODUCTION

In this paper we shall be concerned with approximating functions, with
certain smoothness properties, by expansions in terms of orthogonal
polynomials. We shall carry out the approximation on the closed interval
[—1, 1] using the supremum norm || || = maX,.{;.11 | F{*)|, and our most
common choice of orthogonal polynomials on this interval will be the
ultraspherical polynomials C¥(x) (x > —1) satisfying

1
f (1 — 290 CH)dt =0 (m - n).

The Chebyshev polynomials, which are members of this class (o = 0),
are widely used in numerical analysis. One of their virtues is that expansions
of functions in series of Chebyshev polynomials are thought to cenverge
more rapidly than expansions in series of other orthogonal polynomials.
Indeed, Lanczos [5] suggested that the terms of the Chebyshev expansion
were asymptotically smaller in maximum absolute value than the corre-
sponding terms of any other ultraspherical expansion. His argument con-
tained a major weakness which was rectified by Handscomb [4]. Let the
function f have the two (formal) expansions

f(x) = Y a®¥C¥x) = ¥ a7, ),
n=0 n=0
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114 WILLIAM A. LIGHT

where the T, are the Chebyshev polynomials. Define

[ @ |5 = Z | a® |.

Handscomb [4] shows, among other results, that for « > 0

@ flar = @ ilar -

(The normalization of the polynomials used in the proof is C¥(1) = 1,
T(1) = 1). Handscomb concludes his paper with a conjecture that no
function exists whose ultraspherical terms are smaller than the Chebyshev
terms in the context described above.

A slightly different approach was adopted by Rivlin and Wilson [7].
They showed that if

6 = L0 and Y ia] <

where C{(1) == 1, then either of the conditions

(i) & =0forn > m,
i) (—Dra > 0forn > m,

is sufficient for

m
Hf___ z a;u)cfba)
n=0

m
<|r— 3
n=0

for all o; > « > 0. Several special functions (e.g., f(x) = e%) have ¥ > 0
for all n > 0 and the theorem of Rivlin and Wilson can be applied imme-
diately to such functions giving

[r= ¥ a

n=0

“ f— Z a(u)c(a)

for all « == 0 and m = 0. Their paper also contains results in a similar vein
for Jacobi polynomials.

Fox and Parker [3] point out that if the Chebyshev coefficients a{”’ decrease
rapidly, then truncation of the series after M terms will give a very close
approximation to the minimax polynomial (the minimax polynomial is the
best approximation to the function in the supremum norm by polynomials
of degree at most M). This statement rests on the fact that the Chebyshev
polynomials have the equioscillation behavior required of a minimax
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approximation, so that whenever fis a polynomial of degree M -+ 1 or less,
then

L

where p is any polynomial of degree M.

The purpose of this paper is to compare the performance of nltraspherical
approximations for varying «, using the above property of the Chebyshev
polynomials as motivation for showing their superior performance. The
approach adopted will be both analytical and computational.

2. GENERAL THEORY

We begin the analysis in a general setting. Suppose { p,} is a sequence of
polynomials on {—1, 1] satisfying

{i) p,1s of strict degree #n,
(i) p, is even or odd in correspondence with the parity of »,
(i) Upell =1

Property (ii) allows us to write p, = X5 AV CY, where A e R, and
A = 01if k + nis odd. By redefining the sequence { p,.} with opposite signs
if necessary we can also assume that AY® > 0. We will further assume that
a>0, and |C¥ ) = C¥(1) =1, and can now derive the following

theorem:

Taeorem 2.1. Let f, belonging to C[—1, 1], have the uniformiy convergent
expansion f = Yy b, p, . Then a sufficient condition for

!<Hf S ana) |

n=0

i M
“f_ Z bnpn
: n=0

for a fixed M =0 is

f b, l( /\ e D

n=M+3 ()

: + N {(M-+2)
b | QWEY — 1) | baren | QY — 1

Proof. It will be convenient to recall that the operator L~ C[—1, 11 —

P, J—1, 1] given by

(N

(u) Z n(&) C, o
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is a bounded, linear, idempotent operator. Now

M o
f_ Z bnpn = Z bnpn: Z b Z )‘(W)C(a)

n=0 a=M+1 n=M+1 k=0
and

f= % @) O = f— L =7~ zbnpn—L‘“’(f zb,,p)

n=0

since L,,* is idempotent.
Hence

M o0 w©
f=Y a)C?= Y bp.— Y b.LEp,
n=0

n=M+1 n=M+1

0 M
= Z bn (pn - Z A;’n)c;&))
k=0

n=M+1

' M
= bup (PM+1 - X )\I(cMH)CJ(;a))

k=0

¥ bares ( Pares — Z )\(M+2)C(a))

=0

i bn.( Z Ae @))_

n=M+3

Writing Ryp.; = ZKMJF?, Bo(Pr — Sire XM CEY and observing that

PM—H' z )‘(M+1)C(a) AI(MI\:I‘:;—Z) 1(\;)44 , i = 1’ 2
k=0

we have

@

( (M a, M.
Y au(@) CF = b Mt Cies + bansd 2 CR s + Rurs -
n=M-+1

Now for || f — Sorg bupull < [If — Soo an(®) C& || we must have

<N barsaAEEVC D + bar A YEPCE ., + Rypasll.

Y. bupa

n=M-+1

In view of the fact that the C;” also satisfy condition (i), we may obtain the
following inequality which is sufficient for the one above:

< Barga | AEY | Baggs | X052 — 1 Ragis |l

Y bupa

n=M-1
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The sufficient condition in the theorem is obtained by repiacing || Ry, |
by the upper bound

o

I M n . .
I Ris | <%, (bal|pn— Y ACE,
h=0

n=pM+3 !

and using

Kbyl + 1 bys |+ Y, Th,l

n=/M+3

> bnpn]

n=M+1 '

The theorem as such has two significant drawbacks, since two different
circumstances can give rise to the theorem failing outright. First, the sum
on the left-hand side of the inequality may not converge. Second, even though
the left-hand sum may converge, the right-hand side could be negative if
AYED or A4 are less than unity. However, suppose we replace the p, by
the Chebyshev polynomials T, . Then it is well known that of all polynomials
of degree # with unit norm on [—1, 1], the Chebyshev polynomial has the
largest coefficient of x*. Hence in this case AYRY, ASF2 > 1, and the
right-hand side is always nonnegative.

ExampLE 1. Take the following definitions for p, and «;

p, = T, the Chebyshev polynomials of the first kind,

Ulx)  sin(n + 1)

n+1 (4t 1)sinh’ x = cos 6.

x = 1. sothat CP(x) =

These are the Chebyshev polynomials of the second kind.
In this case we have

(n— 1)
2

_ (41

5 c@,

T c —

giving the A{” of Theorem 2.1 a particularly simple form. Hence a sufficient
condition for

M

I
n=0

<l F ]

n={

is
i M —1 M .
> [bnig'(j—z—*—)lbkl+11+zibﬂ-’+2!'
n=M43 .

Observe that this condition contains no reference to the coefficients in the
U,~expansion, and so a given Chebyshev series can easily be tested numerically
to see whether it satisfies the condition.
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ExampLE II. For our second example, we let p, = T, and restrict « to
lie in (0, 1). We have the following information about the A{™ in this case:

LEMMA 2.2. Let Ty, = Yo MPCY for 0 < o < 1. Then
A<D <0 for 0 <k <n

Proof. Details may be found in [6].
These facts help us to deal with the term

[s)

n=M+3

B

i M
b=0

for

M
” Tp— > prelele forall n > M,
E=0

M
=| T+ X I e
k=0

M
=T+ Y (A" P,
k=0

since C! attains its norm at x = 1. Now using the fact that the A{" are
decreasing in modulus we have

Ruvs < 1+ max{dnz, Amia) Z {bn |
n=M+3
Where An = ZQ{—_O [ A;cn) ]
The sufficient condition of Theorem 2.1 now becomes
5 | Darra | QSAD — 1) + | Bass | QGESY — 1)

b,| <
n=M+3 l I 2 + maX{AM+3 ] AM+4}

This condition degenerates into the condition for Chebyshev polynomials
of the second kind as « — 1, since 4,5, Aarrs — 0 as o« — 1. Defining

"
) A — 1

M+i = 2 + maX{AM+3 , AM+4J > I = ]., 2a

we have

o

Y 1bal < Qi barsa | + Ofra | Baria |-
n=M13
Table [ at the end of this paper gives values of 0%, for varying values of M
and «. As in Example I the O}, , Q{5 increase with M, for fixed « between
zero and one.
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TABLE 1

a = 0.2 =104 a = 0.6 a = 0.8 o= 1.0

M Owa Oume Oua Ome Ouwa COumie Ouu Oumis Cuyn Qma

2 0.126 0.163 0.225 0305 0314 0443 0404 0.588 0.500 ©.75¢
3 0.160 0.190 0.296 0362 0428 0.541 0574 0.746 0.780  1.000
4 0.187 0.211 0353 0410 0.525 0.627 0.728 (.8% 1.000 1.25C
s 0208 0.229 0400 0451 0.608 0,701 0865 1.236 1.250 1.50C

10 0.279 0.291 0.562 0594 0907 09572 1433 1556 2300 750
15 0.321  0.330 0.659 0.684 1.098 1.145 1.840 1.945 3.750 4.000
18 0.341  0.348 0703 0.725 1.185 1.231 2037 2133 4500 47530

3. ULTRASPHERICAL RESULTS FOR LARGE M

In this section we compare the performance of a general ultraspherical
expansion for o > 0, with that of a Chebyshev series. We cannot expect the
Chebyshev series to perform better for every function in C[—1, 1} and for
every M. Indeed, if fis defined on [—1, 1] by

4
f=2 a0, —Ts— T+ 77,
n=0
then the Chebyshev expansion of the second kind of degree four is a better
approximation to f'than the expansion of the first kind, with the same degree.
In fact

g
«
=

T, = —Ts — T+ 7T; .

3
il
o

—4U; — 3Us + 32U,

Trs
&
=

I

o]

— —24¢® — 3¢9 + 8¢ = ¥ B0,
n=5

where C’;i,l) = U,/ Upll = Un/Un(l)
Note that although Handscomb’s result holds {as indeed it must) quite
strongly, namely:
7

7
Sla,l =9 <555=Y 16,1
5

3
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This does not imply || f — ZLO a, T, | <|f— ZLO b,U,|. In fact, using
a numerical maximization technique we have

.

= S a7, | = 8.14 > 7.89 = Hf— Z} b, U,

n=0

However, as the expansions are truncated after higher order terms (specifically
after 7)) we can use the theorem of Rivlin and Wilson [7] to show that

»  M=356,....

- gﬂ aTn| <[f- é baUs

From this, and other similar examples we formulate:

Conjecture. Suppose f =3 o @,y = Yo b C, where both these
expansions are uniformly convergent on [—1, 1]. Then there exists M, such
that

forall M > M,.

< H r. i’ I
n=>0

Hf— g} a,Tn

In a limited set of circumstances we can verify this conjecture. From
Abramowitz and Stegun [1] we have

Cco — p,(L")C,(f“Ll) — /LL,(,"_)2C;°‘_+21) for o« > —1.
In this relation we can establish
Lemma 3.1. IfC® = plPCetV — pM,Clet and o > 0, then p'y) — o
as n — o0.
Proof. From [1], recalling the difference in normalization, we have

p — o (11 + 2: + 1) (n + o) [(n + 20 — 1)]—1

n

=@+ 20 + D(n 4+ 20).

TusorREM 3.2. Suppose [ has the uniformly convergent expansion [ =
S o AC). Further, suppose there exists K > 0 and M, such that

@t |+ a5l > K Y 12| forall M > M,.

n=M+3

Then there exists M, such that

Jorall M > M,.

M
< ”f_ Z aSLa+1)C1€Loc+1)
n=0

o) o)
”f_ Z an& C"n(l
n=0
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Proof. Using Theorem 2.1 a sufficient condition for
I |

Q:‘ 2, Al @, AL
2Y (a? ) < afla | (s — D e ui - D
n=M-"-3

M .
< “ £ Z a"(’lol"l"l)C‘)(_LQTl)
n=0

Since p#iP, piMi? — oo as n — oo, then there exists M, such that

2 , Mo 2
[L‘(\f,\’ﬁl) 1 > X and ug;ﬁ_,“) — 1> -

for all M > M, . This gives

d (o { [§2 2% )
2% 1@ < laa i — D4 alla | (i - D
n=Ar-3

for M > M, , which is sufficient to establish the theorem. A similar theorem
can be deduced from Example II of Section 2. Using the notation adopted
there, we can establish

TueoreMm 3.3. Let f have the Chebyshev expansion 3. b,T, where
> 1 b, < wo. Suppose further there exist K > 0 and M, such that

Vhagaq |+ [ Barea ]l > K Z | b, forall M > M,.

n=M+3

Then there exists M, such that

” f— Z a“*)c(ﬂ’ forall M > M,,

where 0 << o < 1.

Proof. As in Theorem 3.2 we shall suppose that 3°,_, a/=’C* is uniformty
convergent. In this case a sufficient condition for

M

r=yanl<ir-

=0 %

L )
Z aﬂa)cfﬁa) |
1=0 i
is

[eo]

Y byl < OGPy 1 Baan |+ O s brsse s

n=M+3

where QF).; is defined in Section 2, for 7 = 1,2. If we can show that
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)i —> o0 as M — oo for i = 1,2, then the same argument applied in
Theorem 3.2 will yield the desired result. Q%/,; is a quotient, the denominator
being

2 + max{daris > Aarak

Now Ayns = Sheo | MM | and the A are continuous functions of « for
0 < a < 1 with A{”(a) < 0. Hence 4,5 = Ay,5(x), a continuous function
of a with Ay 5(0) = Asr.5(1) = 0. Since [0, 1] is compact there exists R
such that | 45,,4(e)] << R for 0 < « << 1. The same argument shows that
Ajy.41s bounded in this range, and hence the denominator of Q}%); is bounded
fori=1,2,and 0 <{ o << 1.

The numerator of Q%) is AP — 1 where
yrs _ Qo+ DQa +2) - Qe+ M — DQx + M)
M1 R R B CE N Y CEN))

M 42+ 1) T(e+2)I'Qx-+ 1)
T I'MAatl) QeI+ 1)°

and from the properties of these gamma functions we have APV — oo
(where « remains fixed throughout). Similarly A{\5” — oo and so Q% —
asM—oofori=1,2and 0 < o < 1.

We now indicate what degree of smoothness is sufficient to give a result
similar to Theorem 3.3 for more general values of « > 0. Our smoothness
condition will take the form of a restriction on the behavior of the Chebyshev
coefficients, and provides one example of the type of condition which will

suffice.

LeMMA 3.4. Let f have the Chebyshev expansion f = ¥ a,T,, on [—1, 1],
where 2" | a, | — A as n — oo. Then there exists K(o) € R, K > 0 such that

la@al +1a%0 > K@) Y 1d®|.  forall M> M, >0,

n=M+3
where f = 3 aPC and o = 0, 1, 2, 3,....

Proof. The case o = 0 is the Chebyshev case and so the result follows
in this case from the assumption on the behavior of the a, = a’ as n gets
large. We now assert that 2% | a{ |/n* — B, where B is a constant inde-
pendent of #. This can be established by induction, the inductive step from «

to o + 1 being as follows: there exists N = N(x) > 0 such that

r+20+D+20) , o,  (+2E+1) )
L = 2 T D F et ) | 4

for n >= N.

(a+1)

e = 5 T+ o




OPTIMALITY OF CHEBYSHEV EXPANSIONS 123

Hence

2;7{m1\‘—>2n‘ B
1 a" ' i’!o‘+1 2”+1(206 _‘_ 1)
a+2) - — (n+ 2)(n + D+ o)(m 4+ 2)%
(n 4+ Y + o+ 2) 1
SN
2o+ 1

et

« [4(}1 — 2o+ D 4 20)(n +

We start the inductive process from « = 0, where we know the result to hold
We now establish the assertion of the lemma. For any given x € NV we can
find V(o) such that
,_B}
| a("‘) [ < Pl orall n > N(=).

Hence
n*

- S
> | < 2B }: 5

n=_M+3 n=M+3 =
2BM* ey M2
< T3, ) L ow
2BM* | 2BM* & [ay 2
S, s ()3
2B
\ 7 H7

where H is a constant independent of M.
Thus given € > 0 we can find K(«) such that

SN L 2BHM® _ (M 1y (M 42
K ) ‘a(,,_)[ < K(w) - D M15 < ( aMFL ( 2 M+2 T
H=M+3

and the proof is complete.

THeOREM 3.5. Let f have the Chebyshev expansion f = 3. 0,7, on [—1, 1]
where 2" | b, | — A as n — . Given any o > 0, there exists N{x) such that,

in the notation of Lemma 3.4,
z b T Hf Z a(a)c(oc) l

Proof. Using Lemma 3.4 and Theorem 3.3 the result holds for 0 < o <
If « is an integer greater than one, then the result follows from Lemma 3.4

Jor all M > N(x).

4
1.
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and Theorem 3.2. If « is not an integer, then we know from Lemma 3.4 that
there exists K such that

a4+ 1d ) >K Y d|  for M>M,,

M+1 M+2
n=M-+3

where o is the integer part of o. We will be able to repeat the argument of
Theorem 3.3 in this case if we can show that in the representation®

C:;xo) — Z )\(n)C’(lm_)"
r=0
the coefficients b{" satisfy | Al%3? | < | A [and A < O for | < r < [n/2].

A formula for the A, due to Gegenbauer and given in [2], is

T —2r+ ) I(r+ oy — ) I'ln — r —‘—ozo)
o) Mg — ) I’'(n—r + o 1) r!

A{n)

The fact that A" < 0 for 1 < r < [#/2] follows immediately from the
observation that all the arguments to the gamma functions are positive,
except for I'(xy — «) which is negative for « e (ag, ¢y + 1). The quotient

[AUER AT | = ABEP A for 1 < r < [n/2] may be evaluated as

Nt o — o) —r 4 o)
X D —r 1)

which is less than unity since 1 < r << [#/2] and 0 < o« — oy << 1. Last,
we need to show that A{™ - oo as n — . The form of A" is

Jo T+ 2) T+ o)
0 Do) I'n + x4+ 1)
T I'(n + o) N

T ey I'(n 4+ o)

as n— 0.

We now have sufficient information about the A{” to ensure that the
arguments used in the proof of Theorem 3.3 may be carried over to the
situation we have here.

4., REMARKS

The Theorem 2.1 is not a particularly deep result, and yet it has yielded
some quite powerful statements in Section three. Although Theorem 3.3

1 Here we have for convenience abandoned temporarily the normalization C*'(1) = 1
and used instead C*¥(1) = (%),
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does not cover a wide range of values for o (in fact, 0 < « << 1), it does
include the Legendre polynomials and the Chebyshev polynomials of the
second kind. Thus any function whose Chebyshev coefficients satisfy

ban |+ 1 bargn | > K 3 18] (1)
n=A-3

for all M > M, , will have the property that the error in approximating the
function by truncated Legendre expansions or Chebyshev expansions of the
second kind will eventually, for sufficiently large M, have uniform error
greater than that of the Chebyshev expansion with the same number of
terms. The result for general « > 0 is harder to obtain since the only possible
approach seems to be that adopted by Lemma 3.4 and Theorem 3.5, where
we ensured that property (1) was inherited by successive uliraspherical
expansions for x = 1, 2, 3,... . It is worth noting that Rivlin and Wilson’s
result (outlined in Section 1) is a consequence of Handscomb’s results in the
case x = 0, and both authors in effect exploit the same property of the
ultraspherical polynomials, namely for oy > o« = 0

(ar) () o)
C’ﬂ ’go e?‘ C'I k4
where ¢/’ > 0. In order to obtain conditions on the Chebysher coeflicients
we have exploited in this paper the representation of the C{* in terms of the
Chfor 0 <r <.

Finally, Lemma 3.4 and Theorem 3.5 are only examples of the type of
result that can be achieved by applying Theorem 2.1. Both of these results
would remain valid if the hypothesis on the Chebyshev coefficients was
replaced by 0 < e < {a,|A* < A for A > 1.
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